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1. Introduction

In this paper we study the (alternating) y-positivity of several polynomials associated
with the Narayana and Eulerian polynomials. In particular, we provide combinatorial
interpretations for three identities related to the Narayana numbers of type B. More-
over, we show the alternating ~-positivity and Hurwitz stability of the polynomials
N(Bp,2%) + (n + 1)xN(A,_1,2?%), where N(A,_1,2) and N(B,, ) are the Narayana
polynomials of types A and B, respectively.

In subsection 1.1, we collect the definitions, notation and preliminary results. In sub-
section 1.2, we outline the motivations and the organization of this paper.

1.1. Notation and preliminaries

Let f(z) =Yy fir' € Rlz]l. If fo < fi <+ < fo = frp1 = - = [fn for some £k,
then f(z) is said to be unimodal, where the index k is called the mode of f(z). If f(x)
is symmetric with the centre of symmetry |n/2], i.e., f; = fn—; for all 0 < ¢ < n, then
it can be expanded as

(/2]
fla) =Y wat(1+z)" 2"

k=0

Following Gal [17], the polynomial f(z) is y-positive if v, > 0 for all 0 < k < [n/2],
and the sequence {7} ,EZ/OM is called the «y-vector of f(x). Clearly, y-positivity implies
symmetry and unimodality. The reader is referred to [1,7,25,27,29,35,38] for some recent
progress on this subject.

The polynomial f(x) is said to be alternatingly ~y-positive if the ~y-vector of f(x)

alternates in sign. For example, (1 + 22)" is alternatingly y-positive, since

(1 + 1'2)71 = [(1 + x)z _ 233]" _ i (TL) Qk(fx)k(l + $)2n72k’

k
k=0
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where the coefficients (})2" count k-simplices in the n-cube (see [36, A013609]). There
has been considerable recent interest in the study of alternatingly v-positive polynomials,
see [6,21,24,34] for instance. In particular, Lin et al. [21] studied the alternating ~-
positivity of alternating Eulerian polynomials. Let us now recall two well known formulas:

ln/2]
R I P R s )

k=0

n_ ‘ [n/2] n—k
S = 3 (" ) oo @)
1=0

k=0

There are several applications of the above two formulas, see [6, Section 3], [13, p. 156]
and [19, p. 1068]. Based on the structures of matchings on path and cycle graphs, Brit-
tenham et al. [6] provided combinatorial interpretations for the alternating y-expansions
of 1+¢™and Y, q".

As usual, we use G,, to denote the symmetric group of all permutations of [n] =
{1,2,...,n}. Let 7 = m(1)7(2)---7(n) € &,. In this paper, we always assume that
7(0) = w(n + 1) = 0o (except where explicitly stated). If ¢ € [n], then 7 (i) is called

o a descent if w(7) > 7(i + 1);

o an ascent if 7(i) < 7(i + 1);

e apeak if m(i—1) <7(i) > (i +1);

o a valley if (i — 1) > 7(i) < 7(i+ 1);

o a double descent if 7(i — 1) > w(i) > w(i + 1);
o a double ascent if w(i — 1) < (i) < w(i+1).

Let des(m) (resp. asc (), pk (), val(w), ddes (7), dasc (7)) denote the number of de-
scents (resp. ascents, peaks, valleys, double descents, double ascents) of . Moreover, for
i € [n — 1], we say that n(i) is a left peak if 7(i — 1) < w(i) > 7(i + 1), where we set
m(0) = 0. Let Ipk (7) be the number of left peaks of .

The type A Eulerian polynomials are defined by

An(:ﬂ): Z xdes(w).

eSS,
Let ypkx = #{m € &, : pk(n) =k, ddes(7) = 0}. Foata-Schiitzenberger [14] found that

L(n—1)/2]
A,(x) = Z Yokt (14 2)" 172 for n > 1, (3)
k=0

which has been extensively studied in the past decades, see [7,11,38] and references
therein. For example, using the theory of enriched P-partitions, Stembridge [37, Remark
4.8] found that
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1 L(n=1)/2]
An@) = 5oy ST AP R (1 ) @
k=0

where P(n, k) is the number of permutations in &,, with k peaks.

Let +[n] = [n]U{-1,-2,..., —n}, and let B, be the hyperoctahedral group of rank
n. Elements of B,, are signed permutations of +[n] with the property that o(—i) = —o (i)
for all ¢ € [n]. The type B Eulerian polynomials are defined by

By(x)= Y atenl),

oc€By,

where desp(o) = #{i € {0,1,2,...,n —1} : o(i) > o(i+ 1)} and o(0) = 0 (see [5]
for details). Using the theory of enriched P-partitions, Petersen [28, Proposition 4.15]
obtained that

[n/2]
Bu(z)= Y 4'P(n,i)a’(1+2)" "%, (5)
1=0

where P(n, i) is the number of permutations in &, with i left peaks.
For convenience, we collect the following recursions (see [26, p. 1] for instance):

Ap(z)=(nz+1—x2)An_1(x) +2(1 — x)%An,l(x), Ap(z) =1, o

B,(z)=2nz+1—z)B,_1(x) + 2z(1 — x)%Bn_l(x), Bo(z) =1.

Let A be a simplicial complex of dimension n — 1. The f-vector of A is the sequence
of integers (f_1, fo, f1,-.-, fn—1), where f; is the number of faces with ¢ + 1 vertices
in A. For example, f_; = 1, corresponding to the empty face. The f-polynomial and
h-polynomial of A are respectively defined as f(z) =Y., fi—12*, and

h(z) = (1 —2)"f (1 fx> - gf“xiu — )i = th

The sequence (hg, h1,...,h,) is called the h-vector of A. It is well known that the h-
polynomial of a simple polytope is positive and symmetric [30]. In [16], Fomin-Zelevinsky
defined the (generalized) Narayana numbers Ni(®) for an arbitrary root system ® as
the entries of the h-vector of the simplicial complex dual to the corresponding general-
ized associahedron. Let N(®,z) = >_;_, Ni(®)z*. For the classical Weyl groups, the
generating polynomials for the Narayana numbers are given as follows (see [4, Section 7]):
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~ 1 n+1\/n+1
N(A,, z) = k
(4n, 2) n+1(k+1)< k )x’

N(D,,z) = N(Bn,x) —naN(A,_a, ),

where A, = G,,4+1 and D,, is the group of even-signed permutations in B,. Narayana
polynomials possess many of the same or similar properties as Eulerian polynomials
(see [22,25,29]), including real-rootedness, y-positivity and combinatorial interpretations.

1.2. The motivations and the organization of the paper

The Lucas polynomials {n} := {n}s; are defined by {n} = s{n — 1} + t{n — 2}
with the initial conditions {0} = 0, {1} = 1. When s = 1 + ¢q,t = —¢, one has {n} =
1+q+q*+ -+ ¢ L. Sagan-Tirrell [34] introduced a sequence of polynomials P, (s, t)
by using the factorization of {n}: {n} = Iy}, Pa(s,t). The polynomials P,(s,t) are called
Lucas atoms. They found that the coefficients of P, (s,t) are just the absolute values of
the v-coefficients of the cyclotomic polynomials ®,(q) = II¢(¢ — ¢), where the product
is over all primitive nth roots of unity. Motivated by the work of Sagan-Tirrell [34], in
Section 2, we will present Theorem 2.

Set D = LTt is well known (see [20]) that

(xD)"

> xAn T

k=0

When n > 1, using (6), we find that

1 2"a%A,(2?)
1—22 (1 — x2)n+l ’

x  xBy(a?)

(eD)" T = 7

(zD)"

which can be proved by induction. Therefore, using the fact that

1 1 n X

1—=z

we get
(1+2)" A, (z) = B, (2?) + 2"z A, (2?). (8)

The idea underlying this proof is very simple, but it offers a new insight. It is natural to
explore similar expressions of Narayana polynomials of types A and B. Perhaps the most
straightforward proof of (8) is by generating functions, see [23, Theorem 3] for instance.



6 S.-M. Ma et al. / Advances in Applied Mathematics 154 (2024) 102656

In Sections 3 and 4, we shall give several applications of Theorem 2. Moreover, inspired
by (7) and (8), we will show the alternating y-positivity and Hurwitz stability of several
polynomials related to the Narayana polynomials of types A and B. To sum up, the
main results of this paper are Theorems 2, 4, 10, 12 and 17.

2. Relationship between gamma-positivity and alternating gamma-positivity

Let f(z) = Y i, fiz'. We define the operator A,, : R[z] — R[z] by A, (f(z)) =
f(z™). The operator A, frequently appears in the study of field theory and number
theory (see [18,26,33]). For example, there are two reduction formulas of cyclotomic

polynomials (see [34, Theorem 5.1]): ®,(¢q) = >.0_, > ®,,(q) = q;;;((qqp)), where n € N

and p is a prime not dividing n.

Lemma 1. The product of two alternatingly ~-positive polynomials is alternatingly -
positive.

Proof. Let f(z) and g(z) be two alternatingly ~v-positive polynomials. Suppose that

n/2] [m/2]
F@) =" (=) A +2)", gx) = Y ne(—2)" (1 +z)"*,
k=0 £=0

where v, > 0 for 0 < k < [n/2] and ¢ > 0 for 0 < £ < |[m/2]. Then
L(n+tm)/2] i
fa)glz) = Y kam (1A ),

i=0
as desired. This completes the proof. O
We can now conclude the first main result of this paper.
Theorem 2. Let f(z) =Y i, fiz' € R[z]. Assume that f(z) = ZzLZézJ yixt(1 + x)" =2,
(i) If f(x) is y-positive, then Ao (f(x)) = f(2®™) is alternatingly ~y-positive, where

m € N.

(i) Set n, = ZLk/zJ (R=37)2k=21y,. Then we have

)= (=) (1 +2)* (9)
k=0

Since x* = (—x)?, consequently, f(x?) = > p_omex™(1 — 2)?" =2k, Moreover, the
following two identities are equivalent:
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Zfiin:an< ) (14—37)2” 2k Zfl 21 +x2n 2i anl‘ 1—1—(1’5

i=0 k=0 i=0
(10)
(#it) Setting & = Z}i{fj (Z:g;)’y“ we have

ln/2]

anm Z% (14 2z)"" 2’—Z§kx (1+z)" " (11)
k=0

(iv) The modified y-coefficient polynomial of f(x) has two equivalent expansions:

[n/2]

Z% ka R+ a)" kax 1—xz)" ", (12)
i=0

Proof. (i) Using (1), we get 1 + 2?™ = > o aom j(—x)7 (1 4+ x)*™~21 where a,; =

—m_("™=7). So we have
m=j\ j
[n/2] Ln/2] e
f($ Z ,yx2mz[1 +x2m n—=24 __ Z vz ZanJ 1 _’_x)?m 27
i=0

Using Lemma 1, we obtain

[n/2] m(n—2i)

x2m) _ Z vz Z bmf 1+x)2mn74mi725

i=0

[n/2] m(n—2i)

Z Z 71 mé 2mi+£(1 +x)2mn72(2mi+2)

=0 £=0

mn

= ( > b e> (—)*(1 + z)2mn =2k,

k=0 \2mi+{=k
where

(n — 2i)! ;
I =P gl all al ceaym
m, L " llgl 10'11'712‘ i ] 2m,0 2m1 2m2 2m,m

and the summation is over all sequences of nonnegative integers (ig, i1,%2,...,4m) such

that Z;":ljij = ¢ and E;’;O i; =n — 2i. Thus f(z?™) is alternatingly y-positive.
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(i4) Note that

/2] _
Z Yix® (1 + x)? — 22"

n/2] n—2i
Z 225( ) ( x)2i+2(1+x)2n—2(2i+é)
=0 ¢=0
LY
_ k—2i_, (K 2n—2k
=S % (F o)
k=0 i=0

2%
and this proves (9). Clearly, one has > fiz® (1 +2)*" =2 = (1+ )" 31" fi (H_Lx)
Recall that f(z) = ZILZ(/)QJ vt (1 4+ x)" 2%, Substituting = by ﬁ, we deduce that

ln/2] 2

=0

[n/2]

= Z ’Yz‘(x(l + m))%(l + Qx(l + x))n—zi
=0

L%?Sf( )21+ )2

i=0 (=0

]

|k/2] .
Y Z n =2 2k_2i'yi xk(l—l—x)k.
k— 21

Therefore, we obtain > f;z? (1 + z)?" =2 = Y} mea®(1 + x)*. This proves (10).
(797) On the one hand, we have

/2] n/2dn2i .
Z’Yz 1_’_21,77, 21_2 Z( > 22+2 Z’I]kl‘

=0 ¢=0

On the other hand, since 1 4+ 2x =14z 4 z, we get

[n/2]

I
k=0
[n/2] n—2i
Z Z ( ) 2i+Z(1+I)n72i7€

i=0 (=0

= Z é‘kmk(l —+ I)nik
k=0
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This proves (11).
(iv) Making the substitution 175 =y, it follows from (11) that

[n/2]

k
Z% = (1—2y)" an<1_y2y>

—(- 2@"%& (5 yQy)k (f‘jy)n_k

n

=> &Gy -y)

k=0

Since y? = (—y)?, we get Zﬁé% Yiy?t =Y o &e(—y)F(1+y)"~*. This proves (12). O
Combining (4), (5) and (9), we get the following result.

Proposition 3. For any n > 1, we have

e N e N R Y
) = 3 gt 3 (7 L )Pt

L Y
Z2k 2 ( ;)P(”vi)(—x)’“(uz)zngk.

=0

If f(z) is y-positive, then Aayi1(f(x)) = f(2?™F1) may be not alternatingly ~-
positive. For example, if f(x) = 1+ 4z + 22, then f(z) = (1 + x)? + 2z and

f@®) = (1 +2)° = 62(1 + 2)* + 92*(1 + ) + 22°.

Thus f(x) is y-positive, but f(2?) is not alternatingly y-positive.
In the next two sections, we shall give several applications of Theorem 2.

3. Narayana polynomials
3.1. Identities involving Narayana polynomials

Let C),
n+1
and the central binomial coefficients have the following expressions (see [8,12,31]):

( ) be the Catalan numbers. It is well known that Catalan numbers

- )@ (-2

Using generating functions and Lagrange inversion formula, Coker [12] derived that
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n 1n/2)
1 n+1 n—2k
Zn+1(k+l>( > ZC’“(%) (L4 2)",

k=0

I GO E R R SR EN D

k=0

Chen-Yan-Yang [9] gave combinatorial interpretations of these two identities based on a
bijection between Dyck paths and 2-Motzkin paths. In [32, p. 81], Riordan derived that

"\ ? e/l n\ (2k
k_ k(] n—2k_ 14
2 (1) = 2 () (i)em a0
k=0 k=0
Using weighted type B noncrossing partitions, Chen-Wang-Zhao [8] proved that
"\ " /n\ [2k
2k 2n—2k k k

1 = 1 . 15

S () warr =32 () (1) 0w (19

Combining (10), (11), (13) and (15), we get the following result.

Theorem 4. For n > 0, one has

N (A, %) chH( ) 2)F (1 + z)2 2k, (16)
N(By,2?) = ; (Z) <2:> (=) (1 + 2)> 2%, (17)

Thus N(A,,x?%) and N(B,,x?) are both alternatingly v-positive. Moreover,

[n/2]

En v k E n 2k n—2k
f— x 1+ 2z
: OOk-‘,—l (k) Z Ck (2k) ( ) )

S ()C) - 5 G

Corollary 5. For any n > 2, one has
N(Dy,2*) = (1+2) 2”+Z 20 —nC; n—2 (—a)i(1 + x)2n—2
n = — i i—1 i_9 ,

and thus N(D,,, x?) is alternatingly y-positive.
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Proof. The alternating y-expansion of N(D,,z?) follows from the fact that
N(D,,z?) = N(By,2%) — nz®’N(A,_2,2°).

When i =1, (7) (21) —nCi_y (’?:22) = 2n, and for any 2 < i < n, we have

% i i

O

(ME)  _2-1Ei-1) (L. 1
e = ey =2 (G4 ) 2o

3.2. The combinatorial proofs of (14), (15), (16), (17)

A Motzkin path is a lattice path starting at (0,0), ending at (n,0), and never going
below the z-axis, with three possible steps (1,1), (1,0) and (1,—1). As usual, we use
U, D and H to denote an up step (1,1), a down step (1, —1) and a horizontal step (1,0),
respectively. For any ¢ € N, a c-Motzkin path is a Motzkin path with the horizontal
steps can be colored by one of ¢ colors. When ¢ = 0, there are no horizontal steps and
0-Motzkin paths reduce to Dyck paths. When ¢ = 1, c-Motzkin paths reduce to the
ordinary Motzkin paths. When ¢ = 2, a horizontal step may be B or R, where B and R
stand for a blue step and a red step, respectively. When ¢ = 3, a horizontal step may be
B, R or G, where G denotes a green step. The length of a lattice path is defined to be
the number of steps. The weight of a path is defined to be the product of the weights of
its steps, and the weight of a set of paths equals the sum of weights of its paths.

Chen-Yan-Yang [9] discovered a fundamental result.

Lemma 6 (/9, Lemma 3.4]). Let CM,, be the set of 2-Motzkin paths of length n. One has

1 n+1\/n+1 ' -
n—+1<k+1)< i )Z#{PGCMn. UB (P) = k},

where UB (P) denote the total number of U and B steps on P. Thus # CM,, = Cp41.

Combinatorial proof of the identity (16):

For any path in CM,,, we assign the weight 22 to each U or B step and the weight 1 to
any other step. By Lemma 6 (or refer back to [9, Lemma 3.4]), the left-hand side of (16)
equals the weight of CM,,. It should be noted that the steps of U’s and D’s must be
matched on any path of CM,,. We use S(k) to denote any subset of CM,, with k up steps
and the up and down steps are all located in given positions, see Fig. 1 for illustrations.
Then the weight of S(k) equals 2%%(1 4 x2)"~2* since a blue step has the weight 2 and
a red step has the weight 1.

Let TM,, denote the set of 3-Motzkin paths of length n. For any path in TM,,, we
assign the weight (—z) to each of the U, D, B and R steps, and the weight (1 + z)?
to each G step. We use §(k) to denote any subset of TM,, with k& up steps and the
up and down steps are all located in given positions, see Fig. 2 for an example. Since
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_B/\ _R/\
$22 CEQ

/_\/_\
/L/L

Fig. 1. The subset S(1) in CM3 with weight 3z2(1 4 z?).

(—z) 21+ 1’)2
(—x)3 214 =)

Fig. 2. The subset S(1) in TM3 with weight 3z%(1 + z?).

2?2 = (—z)(—x), 1 + 2% = (1 +2)? — x — z, the weight of §(k) equals
2k ((1 + x)2 Cr— x)n—2k _ .732k(1 + x2)n72k’

which shows that S (k) and S(k) have the same weight. It remains to show that the
weight TM,, coincides with the right-hand side of (16). To construct a path of TM,, with
n — k G steps, we can insert the G steps into 2-Motzkin paths of CMy, where the U, D,
B and R steps all have the same weight (—x). Note that there are (,",) = (}) ways to
insert the G steps. By Lemma 6, # CMjy = Cg11. So the weight of TM,, equals

n

> <Z> (1 +2)%)" " Crpa (- chﬂ( ) (—2)F (1 + )22k,

k=0

This completes the proof. 0O

For any partition A\ = (A1, Ag,...,\.) F n, we draw a left-justified array with A;
cells in the i-th row. This array is called the Young diagram of A. The partition that is
represented by such a diagram is said to be the shape of the diagram. We will identify a
partition A with its Young diagram. We now introduce a new family of Young diagrams.
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U; Di B;I NH

Fig. 3. Four cases of coloring of columns.

Definition 7. Let ¢ be a fixed positive integer. A c-colored 2 x n Young diagram is a
Young diagram of shape (n,n) such that each cell may be colored by one of the ¢ colors.

When ¢ = 1, we get an ordinary 2 x n Young diagram. When ¢ = 2, a cell may be
colored by black or white. As illustrated in Fig. 3, for any 2-colored 2 x n Young diagram,
we use U, D, B and N to denote a column with a black cell on the top and a white cell
at the bottom, a column with a white cell on the top and a black cell at the bottom,
a column with two black cells and a column with two white cells, respectively. When
¢ = 3, a cell may be colored by black, white or green. The weight of a Young diagram
is defined to be the product of the weights of its cells, and the weight of a set of Young
diagrams equals the sum of the weights of its Young diagrams.

Definition 8. We use CY,, to denote the subset of 2-colored 2 x n Young diagrams such
that the top row and bottom row have the same number of black cells.

Since the top row and bottom row have the same number of black cells, we see that
the columns of U’s and D’s must be matched on any Young diagram in CY,. It should
be noted that Riordan [32, p. 81] proved the identity (14) by combining inverse relations
and the generating function for Legendre polynomials. We are now ready to give an
original proof of it.

Combinatorial proof of the identity (14):

For any Young diagram in CY,,, we assign the weight 22 to each black cell and the
weight 1 to each white cell. Consider a subset of CY,, consisting of all Young diagrams
with exactly 2k black cells, i.e., the top row and bottom row both have exactly k black

cells. Since z = z222 and there are (Z) ways to choose black cells from each row, the

weight of this subset equals (2)2xk Thus the left-hand side of (14) equals the weight of
CY,,. In particular, one has

#CY, = (i?) (18)

As illustrated in Fig. 3, each column of Young diagrams in CY,, may be colored with
the same color or different colors. Consider a subset of CY,, consisting of all Young
diagrams having exactly k& U’s. Since the columns of U’s and D’s must be matched,
there are (272) (%f) ways to locate all the U’s and D’s. The weight of the other columns

is given by (1 + x)"~2k. Therefore, the weight of this subset equals
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G) oo

which is the summand of the right-hand side of (14). This completes the proof. O
Definition 9. Let TY,, be the subset of 3-colored 2 x n Young diagram such that

() The top row and bottom row have the same number of black cells;
(ii) There are five cases of coloring of columns, in addition to previous U, D, B and N,
and a column may be two green cells and we use G to denote it.

Combinatorial proof of the identity (15):
For any Young diagram in CY,,, we first assign the weight = to each black cell and the
weight 1 4+ = to each white cell. Note that there are (2) ways to choose black cells in
each row. Then the weight of CY,, equals

I T e

Let E(k) be any subset of CY,, with k& U’s, k& D’s and the positions of the U’s and D’s
are fixed. Then E(k) has the weight

(z(142))* (2* + (1 +2)%)" 2~

For any path in TY,, we assign the weight (1 4+ z) to each of the U, D, B and N
columns, and the weight 1 to each G column. Let E(k) be any subset of TY,with k U’s,
k D’s and the positions of the U’s and D’s are fixed. The weight of E(k) equals

(z(1+2)? (1 4+ 2(1 + 2) + z(1 + 2))" 2~

Hence E(k) and E(k) have the same weight. For any Young diagram in TY,, with n — k
G columns, the remaining k£ columns form a new Young diagram in CYy. It follows
from (18) that the weight of the subset of Young diagrams in TY,, with n —k G’s equals

(n i k) 1k (2:) (z(1+2))f = <Z> (2kl<:> 251+ 2)F,

which is the summand of the right-hand side of (15). This completes the proof. O

Combinatorial proof of the identity (17):
For any Young diagram in CY,,, we reassign the weight x to each black cell and the
weight 1 to each white cell. Consider the subset of CY,, consisting of all Young diagrams

with exactly 2k black cells. The weight of this subset equals ( k)Zka. In the same way
as the combinatorial proof of (14), the left-hand side of (17) equals the weight of CY,.
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In order to distinguish, we now use H(k) to denote any subset of CY,, with k U’s, k
D’s and the U’s and D’s are all located in given positions. The weight of H (k) equals
228(1 4 22)n=2k,

For any Young diagram in TY,,, we assign the weight (—z) to each of the U, D, B
and N columns, and the weight (1 + x)? to each G column. Similarly, we use H (k) to
denote any subset of TY,, with & U’s, k D’s and the U’s and D’s are all located in given
positions. Since 22 = (—z)(—z) and 1+ 22 = (14 )2 — z — x, the weight of H (k) equals

22k (1+2)?—z— x)n_zk = 22 (1 4 P2k,

Hence H(k) and H (k) have the same weight. It remains to show that the weight TY,,
coincides with the right-hand side of (17). For any Young diagram in TY,, with n — k
G columns, the remaining k& columns form a new Young diagram in CYy. It follows
from (18) that the weight of the subset of Young diagrams in TY,, with n —k G’s equals

(5o (o - () ()t os

which is the summand of the right-hand side of (17). This completes the proof. 0O
3.3. Dual formulas of (7) and (8)

As pointed out by Petersen [29, Preface|, the Narayana numbers are close cousins of
the Eulerian numbers. We can now present the connections between differential operators
and Narayana polynomials, which may be seen as dual formulas of (7) and (8).

Theorem 10. For n > 1, we have

x? "1 (n4+ D" N(A,_,2?) (19)
1 — 22 1—xz2 (1 —z2)2ntl ’
x? "o nla" N (B, x?)
<1 — 2 D> 1_ 22 (1—z2)2ntl (20)
Therefore, we have
x? "1 nla™ (N(By,2?) + (n+ 1)zN (A, 1, 27)) 01
1— .’1,‘2 1—=x - (1 _ $2)27L+1 . ( )

Proof. Note that

x? 1 2w x? S 3l (14 2?)
1—2271—22  (1—22)3" \1-a2 1—22  (1—a22)5 "

x? z  2?(1+a?) x? >z ~ 223(1 + 42? + at)
1—2271—22  (1—-22)3" \1-—a2 1—a22 (1 —22)5
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Thus the identities hold for n =1, 2.
Note that

e o A [ A T AN

To prove the general formulas, we introduce

Nn, k) = (n+ 1)!% (Z) (kﬁ 1), N(n, k) = n!<Z>2.

Following [25, Lemma 7], the numbers M (n, k) and N(n, k) satisfy the recursions:

Mn+1,k) = (n+1+2k)M(n,k)+ (3n+3—2k)M(n, k — 1),

N(n+1,k) = (n+2k)N(n, k) + (3n + 4 — 2k)N(n, k — 1).
We now perform the inductive step. Assume that (19) and (20) hold for n = m. Then
when n = m + 1, we obtain
2 D E?Zl ]/\\[(m7 k)x2k+m
1 — 2 (1 _ x2)2m+1
_ 2 (2k+m)N N (m, k)22 (1 — 2?) +2(2m + 1) S,
(1 — z2)2m+3

(m k‘) 2k+m+3

)

22 H ZZL:O ]\’/‘T(m’ k)x2k+m+1
1 _ 1‘2 (1 _ $2)2m+1

T2k m A+ )M (m, R)a (1 - 2?) 4 22m + 1) Y,

- (1 — )2m+3

(m k) 2k+m+4

Combining these two expressions with the recursions of M (n, k) and N(n, k), we get

x? D mrh gt ZWH N(m + 1, k)z?k
1— 22 1—a2 (1 — x2)2m+3 ’

.TQ D m+1 T _ m+2 Z'”H’l M(m 4 1, k)m%
1— 2 1 — 22 - ( $2)2m+3 ’

as desired. Since
2

22 "1 22 "o T "o
D = D D
( > <1a:2 ) 1x2+<1x2 ) 1— 22’

1—22 1—2z

the proof of (21) follows immediately. This completes the proof. O
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Example 11. When n = 2 and n = 3, the polynomials N (B, z?) + (n+1)zN(A,_1,2?)
are respectively given as follows:

1432 +42% + 323 + 2t = (1 +2)*(1 + = + 2?),
144z + 927 + 122° + 92 +42° + 2% = (1 4+ 2)2(1 + 22 + 4% + 22° + 2*).

We can see that the above two polynomials are both symmetric. Furthermore, if we
divide these polynomials by (1 + )2, the remainders are also symmetric.

Motivated by (8), we further study N(B,,z%) + (n + 1)zN(A,_1,2%) in the next
subsection.

3.4. Hurwitz stability and alternating gamma-positivity

Let RZ denote the set of real polynomials with only real zeros. Furthermore, denote by
RZ(I) the set of such polynomials all of whose zeros are in the interval I. Following [18§],
we say that a polynomial p(x) € R[z] is standard if its leading coefficient is positive.
Suppose that p(x), ¢(x) € RZ, and the zeros of p(z) are & < -+ < &, and that those of
q(z) are 61 < --- < 0,,,. We say that p(z) interlaces q(z) if degq(z) = 1+ degp(x) and
the zeros of p(x) and ¢(x) satisfy

01 <& <O <& < <&y <Oy

We say that p(x) alternates left of q(x) if degp(x) = degg(x) and their zeros satisfy

The reader is referred to [22] for the method of interlacing zeros.

Let C[x] denote the set of all polynomials in 2 with complex coefficients. A polynomial
p(z) € Clz] is Hurwitz stable if every zero of p(z) is in the open left half plane, and p(z)
is weakly Hurwitz stable if every zero of p(x) is in the closed left half of the complex
plane, see [2] for details. The classical Hermite-Biehler theorem is given as follows.

Hermite-Biehler Theorem (18, Theorem 3]). Let f(x) = fF(2?)+xf°(2?) be a standard
polynomial with real coefficients. Then f(x) is weakly Hurwitz stable if and only if both
fE(x) and fO(x) are standard, have only nonpositive zeros, and fO(z) interlaces or
alternates left of f€(x). Moreover, f(x) is Hurwitz stable if and only if f(x) is weakly
Hurwitz stable, f(0) # 0 and ged(f¥(z), fO(x)) = 1.

We can now present the following result.

Theorem 12. For any n > 1, the polynomial N(By,z?) + (n + 1)aN(A,_1,2?) is alter-

natingly ~y-positive, Hurwitz stable, and can be divided by (1 + x)2.
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Proof. Immediate from Theorem 4, we then get

N(Bp,2%) + (n+1)aN(A,_1,2%)

= (1+a)™ +; ((Z) (2:) (n+ 1)Ok< i)) (=) (1 +)* 2, 22

For 1 < k < n, we can see that

ME)  _ #GDE) _nGkry
(n+1)C(;Z]) 2N (et DET T

and so each term in the expansion (22) contains (1 + z)? as a factor. When k = n,

(1) () = re(i21)

which implies that the & = n term vanishes in (22). So N (Bp,z?)+ (n+1)zN(4,-1,2?%)
is alternatingly v-positive and can be divided by (1 + ).

Recall that
n n
n+1\ /n+1)\ .
N(B
Z" <k+1)< k ) w ) Z()

k=0 k=0

We obtain

ddx(xN(An,x))iﬂi(ﬁi)(ﬁl)xk
Z( ><n+1) k

= N(Bp,z) +nxN(A,_1,2),

%(N(Bn,x)+n9cN ety i( >(n+1>kxk1

k=1

n(n+1)N(Ap1, ). (23)

According to [4, Corollary 7.2], we have N(A4,,z) € RZ(—00,0) and N(B,,z) €
RZ(—00,0). By Rolle’s theorem, one can immediately get that dd (zN(A,,z)) €
RZ(—00,0). Since
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% (xN(An,2)) = N(Bp,z) + neN(A,—1,x),

so we have N(By,z) + naN(A,_1,2) € RZ(—00,0). Similarly, by Rolle’s theorem, it

follows from (23) that the polynomial N (A, _1,z) interlaces N(B,,,z) +nzN(A,_1,x).
Suppose that the zeros of N(A,_1,z) are rp—1 < rp_o < --+ < 7y, and that

those of N(B,,x) are s, < sp_1 < -+ < 81. Since N(A,_1,z) interlaces N(B,,z) +

nxN(A,—1,z) and

sgn (N(Bp,r;) +nr;N(An—1,7:)) = sgn N(Bp, r;),

we can see that the sign of N(B,,,r;) is (—1)% for each i € [n — 1]. Note that N(B,,)
is monic, N(B,,0) = 1 and sgn N(B,,—oc0) = (—1)". Hence N(B,,x) has precisely
one zero in each of the n intervals (—oo,r,—1), (Ffn—1,7n-2),- .., (r2,71), (r1,0). Thus
N(A,_1,z) interlaces N(B,,z). Using the Hermite-Biehler theorem, we conclude that
N(B,,2?) + (n+ 1)aN(A,_1,2?) is Hurwitz stable. This completes the proof. O

Inductively define the polynomials Ly (z) and L, () by

x? "1 nle" (14 2)2Ly(x)  nla"t(1 + )L (z)
1 — g2 1—12 (1 _ x2)2n+1 - (1 _ x2)2n+1 :

By induction, it is routine to deduce the following result.

Proposition 13. For n > 1, we have

nLn(z) = (n+ 22+ (3n — 4)2*) Ly, 1 (z) + (1 — xz)%Ln,l(x),

~ ~ ~

nLp(z) = (n+x+ (3n—3)x?)L,_1(x) + (1 - xz)aLn_l(x),
with the initial conditions L1(x) =1 and Zo(x) =1

By (21), we have (1 + 2)?L, () = N(Bn,2?) + (n + 1)aN(A,_1,2%) for n > 1.
Therefore, by Theorem 12, we immediately get the following result.

Corollary 14. Both L,(x) and Zn(x) are alternatingly ~v-positive and Hurwitz stable.

From Proposition 13, we note that nL,(1) = (4n — 2)L,,—1(1). Thus

2Ln(1) = Lp(1) = (2")

Below are the polynomials L, (x) for n < 5:
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Li(z) =1, Lo(x) =1+ 2+ 2%, L3(x) =1+ 2z + 4a? + 223 + 2%,
Ly(z) =1+ 3z + 922 + 92° 4+ 92* 4 32° 4 2F,
Ls(z) = 1+ 4z + 162% + 242° 4 362 4 242° + 162° + 427 + 5.
It should be noted that the sequences {L(n,k)}";? and {E(n, k)}iro! appear as

A088855 in [36], which count symmetric Dyck paths by their number of peaks. These se-
quences have been discussed recently by Cho, Huh and Sohn [10, Lemma 3.8]. Explicitly,

Ll k) = (n@wl) <nL§J1>’ Do) = ((&) (”@f)

which can be directly verified by using Proposition 13.

we have

4. Identities involving Eulerian polynomials

In [3], Brandén introduced the following modified Foata-Strehl action (MFS -action for
short), which can be used to show the v-positivity of various enumerative polynomials.

MFS-action (/3]). Given m € &,, and © = 7 (i).

(1) If x is a double descent, then let p, () be obtained by deleting x and then inserting
x between 7(j) and w(j + 1), where j is the smallest index satisfying j > i and
m(j) <x<7w(j+1);

(#4) If z is a double ascent, then let p.(m) be obtained by deleting x and then inserting
x between w(j) and w(j + 1), where j is the largest index satisfying j < i and
w(j) >x>n(j+1);

(#3t) If x is a peak or a valley, then let @, (7) = .

For each x € [n], the MFS-action is defined by

, oz (), if x is a double ascent or double descent;
P (m) = L
m, if x is a valley or a peak.

The reader is referred to [3, Fig. 1] for an visualized instance of the modified Foata—
Strehl action. It is clear that ¢ ’s are involutions and that they commute. For any
S C [n], the function ¢ : &,, — &,, is defined by

s(m) = [ ().

zeS

Therefore, the group Z% acts on &,, via the functions ¢, where S C [n].
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Let Orb(w) = {g(n) : ¢ € Z%} be the orbit of = under the MFS-action. Brandén
noted that the following result follows from the work in [15], and he proved it by using
the MFS -action.

Proposition 15 (/3, Theorem 3.1]). For any w € &,,, one has

Z xdes (o) — xdes (%)(1 + x)n—l—Zdes (7) — xpk (7\')(1 +x)n—1—2pk (‘n-)7 (24)
o€0rb(m)

where T to denote the unique element in Orb(w) with no double descents.
An immediate consequence of (24) is the following result.

Proposition 16. For any m € &,,, one has
n—1—2pk ()
Z p2des (o) _ Z (n -1 _'QPk (W))Zi(x)zpk(fr)+i(1 + x)2n7272(2pk (m)+i)

1
o€O0rb() =0

The peak polynomials and left peak polynomials are respectively defined by

l(n—=1)/2] /2]
P,(z) = Z 2Pk (M) = Z P(n,k)z*, P,(z) = Z 2Pk (™) — Z P(n, k)z*.
TeES, k=0 TeES, k=0

They satisfy the following recurrence relations

Poi1(z) = (ne — x4+ 2)Py(x) + 22(1 — x)%Pn(x), (25)

~

Poy1(z) = (nz + 1) Py (z) + 22(1 — 2)— P, (z), (26)

d
dx
with the initial values Pj(x) = ﬁl(x) =1, Py(z) = 2 and ﬁg(l’) = 1+ z. These
polynomials arise often in algebra, combinatorics and other branches of mathematics,
see [20,23,37,38].

By Theorem 2, we can now conclude the following result.

Theorem 17.

i) Forn > 1, both A,(2?) and B,(z2) are alternatingly ~-positive. More precisely,
gl
there exist nonnegative integers a(n, k) and b(n, k) such that

A, (2?) = 5 a(n, k) (—z)*(14+2)™"272% B, (2% = i b(n, k) (—z)* (14 z)* =2k,
k=0 k=0
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(#1) Forn > 1, we have

(1—1—3:)2"_2An<(1+x) Tf (n, k)z*(1 + z)*,

k=0
(1—1—3:)2"Bn(1+x > zn: b(n, k)z* (1 + z)*.

(iii) Setting an(x) = S-i— a(n, k)z* and b, (z) = Sp_, b(n, k)z*

x¥, then we get

| Le=u/2)
an(2) = 5o > 4 P(n, k)a* (1 4 22)" 12k
k=0

_ (142 n—l P 42 |
2 (1+22)2

[n/2]

4 2
bo(2) = > 4FP(n k)2 (1 4 22)" "% = (1 + 22)"P, (L)
k=0

1+ 22)2

(iv) There exist nonnegative integers a(n,i) and B(n,i) such that

[ay

n

n

an(z) = ) a(niz'(1+2)" 717, bu(x) = Zﬁ(n,i)wi(l +a)"

=0 1=0
1 L2l n-l _ _
gt DL APk =) a(n,i)(-2)'(1+2)
k=0 =0
Ln/2) 4 '
Z 4*P(n, k)x Zﬁ(n, i)(—x)' (1 4+x)" "

From Proposition 3, we see that

L /2] R
. ok .
(n k 2n on—1—k ( k— 2 >P( n, )7 7’L k =2 Z < _22>P TL7Z).

For n > 1, we now define

n

1 n

an(z) = a(n,i)z’, Bu(z) = Zﬁ(n,z)xl

i =0

Il
=]

The reader is referred to Table 1 for the initial values of a,(x),b,(x), a,(z) and B, (x).

Setting y = 17 in (27) and (28), we get the following corollary.
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Corollary 18. Forn > 1, one has

[(n—1)/2] n—1 2
1 el 14z 4z
o) =g Y P = (L) e (A

k=0 1+2)?
(29)

[n/2] ,
) o
D S L (e}

Corollary 19. The polynomials an(z), b, (x), an(x) and By (x) satisfy the recursions

ant1(z) = (1+ 3z — nx)a,(x) + %x(l + 41")%@”(3:), (30)
bpt1(z) = (14 22 — 2nz)b,(x) + z(1 + 430)%1%(31:)7 (31)

apy1(x) = <1 +z+ %(n - 1Da(3x — 1)) an(z) + %x(l —z)(1+ Sm)dixozn(x), (32)
Brsa(@) = (1+2 = na + 3n2%)Ba(@) + 21— 2)(1+32) < Bale),  (38)
with the initial conditions ai(x) = a1 (x) = bo(x) = Po(x) = 1.

Proof. Differentiation of

b ((1?295)2) = (13233)”_1%(:5)

d P (( 2 >2> _ 2714 22) an () — 2" (n — Dan(x)

gives

dx 1+ 2z (1 + 22)"—3

Substituting these two expressions into (25), we get (30). Differentiation of
=~ 2z 1\’ by (x)
P, S -
1+ 2z (1+2x)n

d 5 20 \?\  (1+22)Lb,(x) — 2nb,(2)
() ~

gives

de” "\ \ 1+ 22 8x(1 4 2x)n—2

Substituting the above two expressions into (26) and simplifying, we obtain (31).
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Differentiation of

gives

d 20 \?\ 2"+ 2)La,(z) - 274 (n — Dag(z)
w () |

de" "\ \1+uz - z(1+ z)n3

Substituting these two expressions into (25), we get (32). Differentiation of

P <<1i—xx)2> B m

gives

d -~ 2x 2 (1 + m)%ﬁn(w) - nﬁn(‘r)
&P” ((1 +x> ) = 8;(1 + z)n—2 .

Substituting the above two expressions into (26) and simplifying, we arrive at (33). O

) fo
29

From (32), we see that a, (1) = nl. Set ap(z) = 1 and ay,(z) = o (£
Let yp 1 = #{m € &,,: pk(m) =k, ddes(n) = 0}. Combining (3) ( ) nd (

MP" ((lix>2>

) we get

1 < 1
= 5o 4% P(n, k)(1 4 z)n 172
k=0
L(n—1)/2]
_ 7nk(1+x)n 1—-2k
k=0

By using the MFS-action defined by (4), one can immediately get that a,(x) =
ZWEGn x925¢(™) since each double ascent of 7 can be transformed to a double descent. It
is well known [36, A008303] that the exponential generating function of peak polynomials
is given as follows:

_ ipn . 2" sinh(zy/1 — x)

) n! 1 —zcosh(zy/1—x) —sinh(zy/1—x) (34)

n=1

Note that
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Table 1
The initial values of a, (), by (2), an(z) and B, (x).

ai(z) =1 az(x) =142z az(z) = 1+ 4z + 622
bi(z) =142c bo(x) =14 4x 4822  bz(z) =1+ 6z + 3222 + 4823
ai(z) =1 az(z)=1+4+=x asz(z) =14 2z + 32?2

Bi(z) =142z  Ba(z) =142z + 522 Bz(z) =14+ 3z + 2322 + 2123

UL 2 2 \? (1+a)z
z) _;a"(x)m_l+l+xp<<l+x> 3 ) (35)

Set u = /(x + 3)(z — 1). Combining (34) and (35), it is routine to check that

a(xz;z) =

ucosh (uz) + (1 — x) sinh ($uz)
% ) (l—l—x)smh(% )

which was also recently studied by Zhuang [38, Theorem 13]. In conclusion, we can now

u cosh (

restate Corollary 18 in a succinct form as follows.

Proposition 20. Forn > 1, we have

_ Z xn—l—dasc(w) _ Z xpk(Tr)—i—des(‘fr)

€S, €S,

B () = Z (2x)2lpk('n’)(l +‘r)n72lpk(ﬂ')'

TeES,

Acknowledgments

We wish to thank the referees for invaluable comments and suggestions. The first au-
thor was supported by the National Natural Science Foundation of China (Grant number
12071063) and Taishan Scholars Foundation of Shandong Province (No. tsqn202211146).
The third author was supported by the National Science and Technology Council of Tai-
wan (Grant number: MOST 112-2115-M-017-004). We thank specially Bruce Eli Sagan
for very helpful comments.

References

[1] C.A. Athanasiadis, Gamma-positivity in combinatorics and geometry, Sémin. Lothar. Comb. 77
(2018) B77i.

[2] J. Borcea, P. Brandén, Pdlya-Schur master theorems for circular domains and their boundaries,
Ann. Math. 170 (1) (2009) 465-492.

[3] P. Briandén, Actions on permutations and unimodality of descent polynomials, Eur. J. Comb. 29
(2008) 514-531.


http://refhub.elsevier.com/S0196-8858(23)00174-4/bibC783CC1968EB41FAEB7C4FF9A33A0645s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibC783CC1968EB41FAEB7C4FF9A33A0645s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib2476AEB0BCF426B2FC9E7F3C4120C555s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib2476AEB0BCF426B2FC9E7F3C4120C555s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD00F2D920D03A08AF71DEA58806ADBB3s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD00F2D920D03A08AF71DEA58806ADBB3s1

26 S.-M. Ma et al. / Advances in Applied Mathematics 154 (2024) 102656

[4] P. Brandén, On linear transformations preserving the Pélya frequency property, Trans. Am. Math.
Soc. 358 (2006) 3697-3716.

[5] F. Brenti, g-Eulerian polynomials arising from Coxeter groups, Eur. J. Comb. 15 (1994) 417-441.

[6] C. Brittenham, A.T. Carroll, T.K. Petersen, C. Thomas, Unimodality via alternating gamma vec-
tors, Electron. J. Comb. 23 (2) (2016) P2.40.

[7] W.Y.C. Chen, A.M. Fu, A context-free grammar for the e-positivity of the trivariate second-order
Eulerian polynomials, Discrete Math. 345 (1) (2022) 112661.

[8] W.Y.C. Chen, A.Y.Z. Wang, A.F.Y. Zhao, Identities derived from noncrossing partitions of type
B, Electron. J. Comb. 18 (2011), #P129.

[9] W.Y.C. Chen, S.H.F. Yan, L.L.M. Yang, Identities from weighted Motzkin paths, Adv. Appl. Math.
41 (2008) 329-334.

[10] H. Cho, J. Huh, J. Sohn, The (s,s+d, ..., s + pd)-core partitions and the rational Motzkin paths,
Adv. Appl. Math. 121 (2020) 102096.

[11] C.-O. Chow, On certain combinatorial expansions of the Eulerian polynomials, Adv. Appl. Math.
41 (2008) 133-157.

[12] C. Coker, Enumerating a class of lattice paths, Discrete Math. 271 (2003) 13-28.

[13] L. Comtet, Advanced Combinatorics, Reidel, 1974.

[14] D. Foata, M.P. Schiitzenberger, Théorie géometrique des polynomes eulériens, Lecture Notes in
Math., vol. 138, Springer, Berlin, 1970.

[15] D. Foata, V. Strehl, Rearrangements of the symmetric group and enumerative properties of the
tangent and secant numbers, Math. Z. 137 (1974) 257-264.

[16] S.V. Fomin, A.V. Zelevinsky, Y-systems and generalized associahedra, Ann. Math. 158 (2003)
977-1018.

[17] S.R. Gal, Real root conjecture fails for five and higher-dimensional spheres, Discrete Comput. Geom.
34 (2005) 269-284.

[18] J. Garloff, D.G. Wagner, Hadamard products of stable polynomials are stable, J. Math. Anal. Appl.
202 (1996) 797-809.

[19] J.W. Guo, J. Zeng, The Eulerian distribution on involutions is indeed unimodal, J. Comb. Theory,
Ser. A 113 (2006) 1061-1071.

[20] H.-K. Hwang, H.-H. Chern, G.-I. Duh, An asymptotic distribution theory for Eulerian recurrences
with applications, Adv. Appl. Math. 112 (2020) 101960.

[21] Z. Lin, S.-M. Ma, D.G.L. Wang, L. Wang, Positivity and divisibility of alternating descent polyno-
mials, Ramanujan J. 58 (2022) 203-228.

[22] L.L. Liu, Y. Wang, A unified approach to polynomial sequences with only real zeros, Adv. Appl.
Math. 38 (2007) 542-560.

[23] S.-M. Ma, Derivative polynomials and enumeration of permutations by number of interior and left
peaks, Discrete Math. 312 (2012) 405-412.

[24] S.--M. Ma, Q. Fang, T. Mansour, Y.-N. Yeh, Alternating Eulerian polynomials and left peak poly-
nomials, Discrete Math. 345 (2022) 112714.

[25] S.-M. Ma, J. Ma, Y.-N. Yeh, y-positivity and partial y-positivity of descent-type polynomials, J.
Comb. Theory, Ser. A 167 (2019) 257-293.

[26] S.-M. Ma, J. Ma, J. Yeh, Y.-N. Yeh, Eulerian pairs and Eulerian recurrence systems, Discrete Math.
345 (2022) 112716.

[27] S.-M. Ma, H. Qi, J. Yeh, Y.-N. Yeh, Stirling permutation codes, J. Comb. Theory, Ser. A 199 (2023)
105777.

[28] T.K. Petersen, Enriched P-partitions and peak algebras, Adv. Math. 209 (2) (2007) 561-610.

[29] T.K. Petersen, Eulerian Numbers, Birkhduser/Springer, New York, 2015.

[30] A. Postnikov, V. Reiner, L. Williams, Faces of generalized permutohedra, Doc. Math. 13 (2008)
207-273.

[31] V. Reiner, Non-crossing partitions for classical reflection groups, Discrete Math. 177 (1997) 195-222.

[32] J. Riordan, Combinatorial Identities, John Wiley, New York, 1968.

[33] D.P. Roberts, Fractalized cyclotomic polynomials, Proc. Am. Math. Soc. 135 (2007) 1959-1967.

[34] B.E. Sagan, J. Tirrell, Lucas atoms, Adv. Math. 374 (2020) 107387.

[35] H. Shin, J. Zeng, Symmetric unimodal expansions of excedances in colored permutations, Eur. J.
Comb. 52 (2016) 174-196.

[36] N.J.A. Sloane, The on-line encyclopedia of integer sequences, published electronically at https://
oeis.org, 2010.

[37] J. Stembridge, Enriched P-partitions, Trans. Am. Math. Soc. 349 (2) (1997) 763-788.

[38] Y. Zhuang, Counting permutations by runs, J. Comb. Theory, Ser. A 142 (2016) 147-176.


http://refhub.elsevier.com/S0196-8858(23)00174-4/bib343A0C7E48970EBE492443F22041564Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib343A0C7E48970EBE492443F22041564Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibBD99EA6CDDA22EC5B6CAC1AAB2596E12s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib688BD795BE14C09D4840D07FDDBEE2EEs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib688BD795BE14C09D4840D07FDDBEE2EEs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibFF7E77D548B5F429EC3DCE2A047F0057s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibFF7E77D548B5F429EC3DCE2A047F0057s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib95594F1BD9975B66D503E93A12AFEA62s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib95594F1BD9975B66D503E93A12AFEA62s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibA51EC4A228FCE57D4BB212B3D10431BAs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibA51EC4A228FCE57D4BB212B3D10431BAs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib92F62F2A41ED7520BECB9A43375A890Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib92F62F2A41ED7520BECB9A43375A890Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib44CEF520E0207F50F2785C67F92AE45Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib420275715F174A943243798B51C18951s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib6A6A8AFEBC15750F53CD051FF9456D51s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib6A6A8AFEBC15750F53CD051FF9456D51s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib5AA91AA5DEFCE360EC152F50DDE8B217s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib5AA91AA5DEFCE360EC152F50DDE8B217s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibFF6C16DE05C28453E7843E722C09CF2As1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibFF6C16DE05C28453E7843E722C09CF2As1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibAE83D7E6093A07FB8CF064CF0631415As1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibAE83D7E6093A07FB8CF064CF0631415As1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD7C155DDD6DF776DC455C9428E8A74A8s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD7C155DDD6DF776DC455C9428E8A74A8s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD1E31429E95D1353115211F4AF736081s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibD1E31429E95D1353115211F4AF736081s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib78B3C2C684B5467060FC2690F0D0BFC2s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib78B3C2C684B5467060FC2690F0D0BFC2s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib75C1CECB99F483CB247078F18431960Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib75C1CECB99F483CB247078F18431960Ds1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibCB4BF6169C00E93D1EC83195EBC05AE4s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibCB4BF6169C00E93D1EC83195EBC05AE4s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibB9FA2898DB1D30C2193262C6B2F02158s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibB9FA2898DB1D30C2193262C6B2F02158s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib158BB7217FCBB98F3DB5E35E8A2A67E4s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib158BB7217FCBB98F3DB5E35E8A2A67E4s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib892A1A5991D8D29FA213BAE34E8DF9BBs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib892A1A5991D8D29FA213BAE34E8DF9BBs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibB61898B1AFA9A10D655DAC75F7E18EB5s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibB61898B1AFA9A10D655DAC75F7E18EB5s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib39ED7D1A3B798DCACDE8450435F49E2Fs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib39ED7D1A3B798DCACDE8450435F49E2Fs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibEDD73BF2F94326198606D5839BDCB83Fs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib2FEAD75F69888B4530FCBDCBCC1CADDCs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib9FD5B4AC4640717FA7645ED659E8E4FEs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib9FD5B4AC4640717FA7645ED659E8E4FEs1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibEA5CD67E5F558F48AD468C6BD52F9978s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib367D932C1884AAC591C5E768F0A788B9s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib04D9560D689E60094F7EBF947D42D4F1s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib85E8202F049F60C188FBC2BD001E8B31s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibC399B258F9B1092CBB985AAC0565F7F9s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bibC399B258F9B1092CBB985AAC0565F7F9s1
https://oeis.org
https://oeis.org
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib65EF9AD8F2E1FDF3E9ECD2F011B11386s1
http://refhub.elsevier.com/S0196-8858(23)00174-4/bib4144DEFDA9907013868B194C73A676A8s1

	Positivity of Narayana polynomials and Eulerian polynomials
	1 Introduction
	1.1 Notation and preliminaries
	1.2 The motivations and the organization of the paper

	2 Relationship between gamma-positivity and alternating gamma-positivity
	3 Narayana polynomials
	3.1 Identities involving Narayana polynomials
	3.2 The combinatorial proofs of (14), (15), (16), (17)
	3.3 Dual formulas of (7) and (8)
	3.4 Hurwitz stability and alternating gamma-positivity

	4 Identities involving Eulerian polynomials
	Acknowledgments
	References


